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Abstract 
 
In practice of various real-life applications, mathematical programming plays a pivotal role in 
finding the solution of their optimization problems. Conventionally, mathematical programming 
is set with numerical values although it is troublesome for decision makers to provide rigid 
values in presence of uncertainties in decision making process. Building mathematical 
programming model with crisp and precise values sometimes generates infeasible or improper 
solution. Besides that, when the real-life application faces hybrid situation of simultaneous 
fuzziness and randomness, or ambiguous and vague information, it makes the existing multi-
criteria evaluation model incapable of handling such uncertainties. Satisficing based optimization 
is used as underlying concept, that is to realize the reality of decision making process which 
seeks for satisficing based solution rather that optimal solution. Hence, based on different multi-
criteria evaluation scheme and requirement, the objective of this study is to propose three kinds 
of mathematical programming model: (1) multi-attribute evaluation model, (2) satisficing based 
multi-objective evaluation model, and (3) possibility based multi-objective evaluation model. 
The initial model-setting of all is done by fuzzy random regression analysis, which alleviates the 
difficulties to determine the model’s coefficients in fuzzy random circumstances. The algorithms 
presented herein are accompanied with numerical experiments where data are taken from the 
industry application of oil palm production. The analytical results of the proposed methods 
reveal the improvement of conventional decision making approaches to appropriately handle 
inherent uncertainties contained in the real-world situation. The implementation of the proposed 
method shows the significant capabilities to solve real application problem.  
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Chapter 1 
 
 
Introduction 
 
 
1.1 Overview 
Mathematical programming plays a pivotal role in explaining real-world problems 
and finding solutions. The most common method of applying mathematical programming 
to real-world concerns is to transform a practical problem into a model with numerical 
values. Conventionally, the mathematical programming problem model is developed with 
numerical values; neglects the uncertainties. However, providing precise values for 
mathematical problem models raises difficulties (Zeleny, 1981) because the nature of the 
decision-making process is inherently dependent upon the knowledge and professional 
experiences of decision makers (experts). Thus, fundamentally, decision making involves 
imprecision and uncertainty whenever human knowledge and evaluation are considered 
in the decision-making process. If such parameters are not appropriately determined as 
crisp values in the mathematical model, the formulated problem may yield an infeasible 
or improper solution (Inuiguchi and Sakawa, 1996). In fact, the measurement and 
evaluation of imprecise values of decision criteria are difficult (Li et al., 2005), and 
dealing with this imprecision is a challenging task in decision making. 
As many evaluations depend on human judgment, which is usually based on 
intuition and experience, the expression of accurate values in mathematical models is a 
complicated problem. Given this imprecise situation, the uncertainties should be handled 
properly to ensure that the mathematical model developed for the problem takes the 
uncertainties in the evaluation into consideration. It is important to address uncertainty to 
obtain a proper solution, and to avoid the formulated problem model obtain misleading 
result. For this reason, fuzzy sets (Zadeh, 1965) are useful for representing uncertain and 
imprecise information in mathematical programming, as fuzzy sets reflect these 
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uncertainties and can therefore play a significant role in dealing with such circumstances. 
Thus, fuzzy mathematical programming is valuable for dealing with uncertainties for 
cases in which the mathematical programming model’s parameters (i.e., coefficients and 
goals) cannot be estimated precisely from the real situation in question. 
Decision-making theory has become one of the most important fields for real-
world decision-making. The optimization methodology of decision-making theory is used 
to assess several criteria (attribute or objective) for a decision to obtain the best solution. 
There are two main research topics within multi-criteria decision-making, namely, multi-
attribute and multi-objective decision making. Within the various mathematical 
programming solutions for multi-criteria decision making problem, conventionally, the 
crisp values are used in the formulation of the problem model. However, the information 
available to a decision maker is often imprecise because of inaccurate attribute 
measurements and inconsistency in priorities. Until recently, the decision-making process 
still utilized subjective judgments when considering human evaluations for certain cases, 
such as resource planning problems. Therefore, a decision is often made on the basis of 
vague information or uncertain data. Moreover, extracting human judgment and personal 
subjectivity is difficult in the traditional decision-analysis models. Thus, certain 
approaches, such as probability distribution, fuzzy numbers, and different types of 
thresholds (Bouyssou, 1989), have been used to model uncertainty and imprecision, in 
the distinct occurrence of the uncertainty. Yet, few studies discuss on the hybrid 
uncertainty in the decision-making problem model, even though it is important to 
consider such situation while modeling real-world decision-making problem.  
Model setting and goal attainment are fundamental aspects of human decision-
making. In many practical decision-making activities, decision-making structures have 
changed from considering scenarios with a single decision maker, single attribute, single 
objective, and single level decision-making to instead addressing multiple decision-
maker, multi-attribute, multi-objective, and multi-level situations.  
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Thus, considering the aforementioned requirements, the problems can be 
summarized as follows: 
a. A real-world decision making problem requires mathematical programming to 
find solution. The formulated model needs pre-determined and well-defined model 
parameters. In the literature, various models introduced are focusing on the solutions 
whereby the preliminary model setting (i.e., models parameter value) are not discussed or 
are assumed provided by the expert. However, the model parameters such as coefficient 
value are usually not precisely known, as relevant data are sometimes not given or 
difficult to obtain. Though some method can be used to generate the values, given the 
existence of fuzzy and random information that exist simultaneously in decision 
evaluation makes the existing problem solution approach is incapable to appropriately 
handle these hybrid uncertainty circumstances. Yet, decisions regarding these coefficients 
are crucial and influential for the accuracy of the model’s results, and the occurrence of 
errors in the determination of the model’s coefficients might ruin the model formulation.  
 
b. Multi-criteria problem deals with multi-attribute problem and multi-
objective problem in real-world decision making situation. The existing problem model 
that conveys in multi-criteria evaluation scheme treats only particular occurrence of the 
uncertain situation, such as fuzzy set to capture the fuzziness in nature, and probability or 
stochastic to deal with probable situation. Thus, the available methods of evaluation 
scheme are unable to provide solution whereby the simultaneous fuzzy random 
information contained in real-life applications. Nevertheless, the ignorance of such hybrid 
uncertain information from real-life situation while modeling its mathematical 
programming model will produce misleading solution. 
 
Given this perspective, it is desirable to develop mathematical programming 
methods that can sufficiently handle the situations described above. Hence, the following 
issues need to be addressed in this thesis: 
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i. How a multi-criteria problem can be modeled if accepted (built-in) parameters 
contain hybrid uncertainties, such as ambiguous coefficients and/or vagueness, in 
the target(s) of the decision maker under fuzzy random circumstances? 
a. How can mathematical model coefficient values be obtained from 
statistical data for which the hybrid uncertainties, namely, fuzziness and 
randomness, simultaneously co-exist? 
b. How a multi-attribute and multi-objective problem be modeled in a 
situation containing above-mentioned hybrid uncertainties? 
ii. To what extent does the mathematical programming model require the setting of 
an appropriate model through the accurate determination of the model’s 
coefficients? 
 
 
1.2 The Objectives 
Decision-making modeling and applications of these models will face significant 
difficulties if the initial model is set improperly and constrained by a fuzzy, random 
situation. In decision making, most of the existing multi-criteria problem solution 
available in the literature did not consider the fuzziness that occurs simultaneously with 
randomness; yet, only a few discuss the importance of setting the mathematical model in 
problem solving. 
Thus, this thesis aims to discuss the modeling of the following three decision-
making schemes where fuzziness and randomness co-existing concurrently:  
i. the multi-attribute evaluation problem 
ii. the multi-objective evaluation problem 
iii. the multi-criteria evaluation problem 
These decision-making evaluation schemes are useful for solving real-life 
problems. As practical issues commonly produce various types of uncertainties, 
particularly in fuzzy random environments, dealing with such uncertainties requires 
appropriate approach. Due to the complexity of a decision-making problem involving 
uncertainties, in such cases, the classical decision-making modeling methods are often 
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unable to achieve a solution that considers the several types of uncertainties that 
occurred. That is, in problem solving, it is important to ensure the uncertainties of 
relevant criteria being remained in the problem modeling to avoid information losses and 
inappropriate production of problem solution.  
In accordance with the different decision-making structures discussed above, this 
study works on three types of mathematical programming algorithms: one to produce a 
general approximation of the system parameters, one to set up the problem model, and 
one to solve the problem by improving existing decision-making methods to enable them 
to address the solution difficulties. The schemes discussed in this work satisfy decision-
maker intentions, addressing the fuzzy random circumstances using satisfaction-based 
optimization. Finally, a real-life application of production planning models is provided to 
showcase the applicability of the proposed algorithms to a practical case study. 
The innovative point of this thesis is to present a new formulation of decision-
making evaluation scheme to alleviate concurrent fuzzy random circumstances that 
apparently take places in real-world decision making. To make this point possible, the 
existing multi-criteria (multi-attribute and multi-objective) decision making evaluation 
scheme is enhanced and is improved. The new multi-criteria evaluation scheme includes 
the method that able to determine the models parameter value for which containing 
hybrid uncertainties, in order to develop mathematical programming model for the 
respective problem and to perform the evaluation under condition of such hybrid 
uncertainties. From the solution approaches, it contributes directly to the multi-criteria 
decision-making evaluation scheme that appropriately capable to deal with hybrid 
uncertainties, namely simultaneous fuzzy random circumstances. 
 
 
1.3 Research Framework 
An operational framework for the research conducted in this study is shown in 
Figure 1.1. As illustrated in the figure, the conventional mathematical programming 
model for solving multi-criteria decision-making problem is improved by including 
treatment to the concurrent fuzzy random occurrences. The fuzzy random based 
6 
 
regression analysis is used to estimate model coefficients and further develop fuzzy 
random based mathematical programming model, for the three distinct multi-criteria 
problem model, namely multi-attribute, multi-objective, and possibilistic multi-objective 
evaluation model. 
 
 
1.4 Feasibility Investigation 
Feasibility study investigates the proposed problem solutions can address the 
problems and facilitate the best possible decisions and solution outcome. Fundamentally, 
various uncertainties inherently exist in the real-world decision making and capturing 
such uncertainty in the mathematical problem model is necessary. While the early 
solution approach to multi-criteria decision-making problem uses crisp numerical values 
representation in its mathematical model, neglecting the inherent uncertainties may yield 
the formulated model to produce inappropriate results. However, capturing such 
uncertainties is troublesome in some cases. Thus, existing multi-criteria decision-making 
approach should be able to capture and treat the uncertainties to strengthen its ability that 
addresses real-world uncertainty in the problem solution, mathematically.  
Table 1.1 tabulates the generic solution approach available in the literature, 
particularly in the two major groups of decision making problem; multi-attribute and 
multi-objective decision making. While multi-attribute problem perform ranking and 
selection method to find best alternative, multi-objective problem synthesize a number of 
objectives to find the best solution that satisfies all evaluated objectives. Based on the 
investigation, multi-criteria decision making takes an advantage of fuzzy theory to handle 
fuzzy information, and probability theory to handle random situation in the evaluation 
scheme. Some approaches have been also proposed to treat fuzzy random situation.  
However, the fuzzy random based mathematical programming approach 
presented in this study substantially differs from other approaches in the multi-criteria 
decision making stream. In this study our main important work is to determine model 
coefficient that treats fuzzy random uncertainties for formulating multi-criteria problem 
model, and thus improving the existing multi-criteria evaluation scheme. In fact, the other 
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research has little concern with mathematical model setting, or are assumed determined 
by their expert; indeed it is significant and influential to the solution result.  
The proposed solution approach can be practically applied in the real-world 
decision making application. Encapsulates in the proposed solution approach (multi-
criteria evaluation scheme) are the method to obtain the uncertainties from real-world and 
a method to generate model parameter values. Thus, to employ the proposed method, 
real-problem should be first determined whether it is under multi-attribute problem or 
multi-objective problem, depending on the objective of the decision maker of the subject 
problem. Then, model’s parameter such as decision variable, relationship and the 
objective can be formulated, before performing decision making evaluation scheme. 
 
 
Table 1.1: Research Problem and Existing Solution Approach 
Problem 
(Multi-criteria 
Decision-
making) 
Evaluation 
Method 
Uncertainties 
Fuzziness Randomness Fuzzy Random 
Fuzzy Sets 
(Zadeh, 1965) 
Probability Theory 
 
Fuzzy Random Variable  
(Kwarkernaak, 1978, 
Puri and Ralescu, 1986) 
Multi-attribute 
Decision Making Ranking 
i.e.: 
Fuzzy Decision 
Making (Bellman and 
Zadeh, 1970), 
Fuzzy Analytic 
Hierarchy Process 
(Buckley, 1985) 
 
 
 
Not available 
 
 
 
Not available 
Multi-objective 
Decision Making 
Goal 
Programming 
i.e.: 
Fuzzy Goal 
Programming 
(Narasimhan, 1980, 
Hannan, 1981) 
i.e.: 
Chance 
Constrained Goal 
Programming 
 (De et al., 1982).  
Stochastic Goal 
Programming  
(Ballestero, 2001) 
i.e.: 
Fuzzy Stochastic Goal 
Programming  
(Van, 2007) 
Possibilistic 
Multi-objective 
Decision Making 
Possibilistic 
Programming 
i.e.: 
Fractile Optimization 
Modality 
Optimization 
(Inuiguchi and 
Sakawa, 1996) 
 
 
 
Not available 
 
 
 
Not available 
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Since it is the main focus in this study to determine the model parameter values 
from historical data, such information is collected beforehand, where fuzzy importance 
rating is used to capture the expert preference, and the differences of the expert’s 
preference is random.  Data collection process here might cost the time taken to 
undertake the collection, performing the data analysis, and computing the values to treat 
the fuzzy random uncertainties. However, the proposed solution approach may take 
benefit from this improvement towards the treatment of concurrent uncertainties, and 
improve the limitation of conventional solution approaches to determine the model 
parameter values in presence of such fuzzy random data. 
This analysis concludes that it is worthwhile to pursue proposed solution 
approach to multi-criteria evaluation scheme, which addresses some limitation mentioned 
in prior. Thus, a result of this study addresses the shortage of determining model 
parameter in the conventional mathematical programming modelling; and whereby the 
proposed solution approaches is able to handle simultaneous fuzzy random data for multi-
criteria evaluation scheme. 
 
 
1.5 Thesis Structure 
This thesis is arranged into several subsections. The main body of this dissertation 
is organized into four parts, as follows:  
i) Multi-attribute evaluation problem model with regression analysis 
ii) Multi-objective evaluation problem model with fuzzy random goal 
programming 
iii) Multi-objective evaluation problem model with possibilistic optimization 
iv) Production applications  
The first part of this thesis provides the initial background of the study, including 
its general overview, objective and motivation, research framework, and thesis structure. 
Chapter 2 provides certain necessary preliminary groundwork for the thesis, including the 
concepts of regression analysis, random variables, fuzzy random variables, and multi-
criteria decision making. 
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In Chapter 3, multi-attribute decision making in fuzzy environments and fuzzy 
random environments is discussed. Fuzzy regression analysis to solve a multi-attribute 
evaluation problem is constructed for fuzzy and fuzzy random information. The results 
include approximating the coefficient weight values for decision models and providing a 
solution to the multi-attribute decision-making problem (selecting the best alternative). 
The computation results are shown, and the two models are compared and discussed. In 
conclusion, a multi-attribute evaluation scheme under fuzzy random condition is 
proposed in this chapter. 
Chapter 4 elaborates upon multi-objective decision making with a satisfaction-
based optimization method in fuzzy random environments. Fuzzy random regression 
analysis is used to approximate the model’s coefficient values and to develop a goal 
constraint appropriate for the fuzzy random environment. Fuzzy goal programming, 
which is a satisfaction-based optimization method, is used to solve two problem models, 
namely, interval-based multi-objective evaluation, and top-down multi-objective decision 
making. Thus, two types of multi-objective decision making, each tailored to its 
appropriate requirements, are proposed. The computation results are shown and 
discussed. 
Chapter 5 discusses an accompanied fuzzy random uncertainty in possibilistic 
programming method in the context of the multi-objective decision-making problem. The 
necessity measure is explained and used to treat the coefficient ambiguity and goal 
vagueness present in the problem model. A modality method that uses fractional 
programming is proposed to solve multi-objective problems for which the possibilistic 
programming models coefficients contain fuzzy random information. 
A real-life application is discussed in Chapter 6. Specifically, this chapter 
conducts a case study employing the proposed evaluation method of that explained in the 
Chapter 3 to a planning problem in oil palm production. The problem formulation of oil – 
palm fruit grading and evaluation is described as multi-attribute problem, and was solved 
by considering the fuzzy random situations that exist while evaluating the fruit harvest.  
Finally, Chapter 7 provides conclusions regarding the work of the thesis, followed 
by several potential research directions for future work. 
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Figure 1.1: Operational research framework 
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Chapter 2 
 
 
Theoretical Concepts 
 
 
2.1 Treating the Fuzziness and Randomness 
In term of fuzzy random variable concept, the study is focused on considering the 
fuzziness and randomness simultaneously. Fuzziness is characterised as the absence of 
sharp boundaries of human perception while randomness is caused by mechanism of 
some chance. Thus, to address these uncertainties, fuzzy variable has become an 
important tool as standalone fuzzy theory or probability theory cannot be directly applied 
to the so-called hybrid uncertainties circumstances. Fuzzy random variables are defined 
as a measurable function linking a probability space to a collection of fuzzy numbers 
(Kwakernaak, 1978; 1979). Fuzzy arithmetic and fuzzy operations for fuzzy numbers 
have also been studied through the use of the extension principle that involves the 
concept of possibility (Nguyen, 1978; Zadeh, 1975a; Zadeh, 1975b; Zadeh, 1975c). In 
possibility theory, an impression is expressed by using a possibility distribution. Thus, 
the fuzzy parameters are associated with possibility distributions as opposed to the 
random variables that are associated with probability distributions. Then, the possibilistic 
concept is used with fuzzy random variables explanation.  
Let us assume that Pos is a possibility measure defined on the power set ( )ΓP
 
of 
Γ  in a universe Γ . Given ℜ  as the set of real numbers, a function ℜ→Γ:Y is said to be 
a fuzzy variable defined on Γ  (see Nahmias, 1978). The possibility distribution Yµ of Y is 
defined by ( ) { }tYPostY ==µ , ℜ∈t , which is the possibility of event { }tY = . For fuzzy 
variable Y
 
with possibility distribution Yµ , the possibility and necessity of event { }rY ≤
 
are given, respectively, in the following forms: 
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{ } ( )
{ } ( ).tsuprYNec
,tsuprYPos
Y
rt
Y
rt
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µ
>
≤
−=≤
=≤
1
    (2.1) 
The expectation based on an average of possibility and necessity is defined based 
on Liu and Liu (2002). The possibility expresses a level of overlapping and the necessity 
articulates a degree of inclusion. The expected value of a fuzzy variable is presented as 
follows: 
 
Definition 2.1: Let Y
 
be a fuzzy variable. Under the assumption that the two integrals are 
finite, the expected value of Y
 
is defined as follows: 
∫ 



−∫ 



∞−
>≤
∞
<≥






−+





−+=
0 )()(0 supsup12
1)(sup)(sup1
2
1][ drdrttYE tY
rt
tY
rt
Y
rt
Y
rt
µµµµ
  
(2.2) 
From Equation (2.2), the expected value of Y is defined as .
4
2][
rl
acaYE ++=   
 
Definition 2.2: Suppose that ( )Pr,,ΣΩ
 
is a probability space and vF
 
is a collection of 
fuzzy variables defined on possibility space ( )( )Pos,, ΓΓ P . A fuzzy random variable is a 
map vFX →Ω:
 
such that for any Borel subset B ofℜ , ( ){ }BωXPos ∈
 
is a measureable 
function ofω . 
 
Let X
 
be a fuzzy random variable on Ω . From the above definition, ( )ωX
 
is a 
fuzzy variable for each Ω∈ω . Furthermore, a fuzzy random variable X
 
is said to be 
positive if for everyω , X is almost surely positive. 
 
Let V
 
be a random variable on probability space ( )Pr,,ΣΩ . 
( ) ( ) ( ) ( )( )∆++−= 622 ωωωω V,V,VX  is a triangular fuzzy variable for every Ω∈ω  on 
some possibility space ( )( )Pos,P, ΓΓ . As a result, X
 
is a triangular fuzzy random 
variable. 
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The expected value of the fuzzy variable ( )ωX
 
is denoted by ( )[ ]ωXΕ  for any 
fuzzy random variable X
 
on Ω , which has been proved to be a measurable function of ω
 
(Liu and Liu, 2003). Given this, the expected value of the fuzzy random variable X
 
is 
defined as the mathematical expectation of the random variable ( )[ ]ωXΕ . 
 
Definition 2.3: Let X
 
be a fuzzy random variable defined on a probability space 
( )Pr,,ΣΩ . The expected value of X
 
is defined as  
( )( ) ( )( ) ( )
( )
( )( )
( )ωµµµµ
ω
ω
ωω
ddrdrXE
t
Zrt
Z
rt
t
Zrt
t
Zrt
t Prsupsup12
1
supsup1
2
1][ 00∫Ω ∞− >≤
∞
<≥ 







∫ 













−+−∫ 













−+= (2.3) 
 
Definition 2.4: Let X
 
be a fuzzy random variable defined on a probability space 
( )Pr,,ΣΩ
 
with expected value e . The variance of X
 
is defined as  
[ ] ( )[ ]2var X-eEX =
      (2.4) 
where E[X]e =
 
given by Definition 3.3. 
 
In this section, fuzzy random variables are introduced as an integral component of 
regression models with the presence of random and fuzzy information, which is the main 
backbone of developed model throughout this study. The developed regression models 
based on fuzzy random variables are provided in Chapter 3. 
 
 
 
 
 
 
 
 
 
 
 
14 
 
2.2 Fuzzy Goal Programming: An Additive Model 
Classical goal programming is constructed with objective functions, constraint, 
and target values, which are all deterministic values. When the knowledge of experts is 
imprecise or unavailable, it is difficult to get the exact value for developing a model. In 
such uncertain and imprecise situations, fuzzy values are used in the goal programming 
description. The inexact values in the goal programming model reflect the vagueness or 
tolerance of the decision maker and also the imprecision of the knowledge of experts.  
Tiwari et al. (1987) have created and implemented an additive model in the fuzzy 
goal programming context that aggregates the collective fuzzy goals. In their model, the 
aspiration levels for goals are assumed to be fuzzy. Despite the deviation variables used 
in the goal programming, a generalised fuzzy goal programming model is defined by a 
membership function as follows: 
       ,0                 
,   subject to
,,  1,2,      ,~)( fysatis to
            find
≥
≤
=≥
X
bAX
X   
X
migG ii L
   (2.5) 
where X  is a vector with components nx,,x,x L21 , and bAX ≤ are the system 
constraints in vector notation. The fuzzification of the aspiration level is denoted by ≥~ . 
The thi
 
fuzzy goal ( ) ii gG ≥~X in (3) indicates that the decision maker is satisfied even if 
the value of the thi
 
fuzzy goal ( )XiG
 
is less than ig
 
up to a certain tolerance limit. A 
membership function yields a degree of closeness of each goal to its desired attainment 
level using the interval [ ]1,0  to represent the degree of membership of each goal. The 
worst possible value for an objective function makes a grade of membership zero. A 
linear membership function iu
 
for the thi
 
fuzzy goal ii gG ≥
~)(X
 
can be expressed 
according to Zimmerman (1987) as  
( )
( ) ( )
( )



≤
≤≤
−
−
≥
=
, if0
, if
, if1
ii
iii
ii
ii
ii
i
LG
gGL
Lg
LG
gG
u
X
XX
X
    (2.6) 
where iL
 
is the lower tolerance limit for the fuzzy goal ( )XiG .  
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In the case of the goal ii g
~)(G ≤X , the membership function is defined as  
( )
( ) ( )
( )



≥
≤≤
−
−
≤
=
,UG
,UG
gU
GU
,gG
u
ii
iii
ii
ii
ii
i
X
X
X
X
 if0
g if
 if1
    (2.7) 
where iU
 
is the upper tolerance limit for the fuzzy goal ( )XiG . 
The additive model of the fuzzy goal programming (Tiwari et al., 1987) problem 
(2.8) is formulated by substituting all membership functions in the model (2.5) as 
follows: 
,m,,,i
,,X
,
,
Lg
L)(G
)(Vmax
i
i
ii
ii
i
m
i
i
L21
0
1
subject to
1
=
≥
≤
≤
−
−
=
=∑
=
µ
µ
µ
µµ
bAX
X
      (2.8) 
where )(V µ  is called the fuzzy achievement function or fuzzy decision function. Note 
that bAX ≤
 
is the crisp system constraints in vector. This is the single objective 
optimisation problem, which can be solved by employing an appropriate classical 
technique. Unlike the conventional goal programming function (minimising the 
deviations), it is easy to maximise the fuzzy decision function consisting of iµ . This use 
of an additive model allows us to obtain the maximum sum of the achievement degree for 
the goals. 
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2.3 Possibilistic Programming 
Possibility distributions are assumed to be obtained subjectively from the 
knowledge of experts, whereas probability distributions are estimated from observations. 
From the perspective of possibility concept (Zadeh, 1978), impression can be expressed 
in terms of a possibility distribution. For instance, an expression ‘about one million 
dollars’ contains a fuzzy number. Furthermore, given a proposition ‘it is possible to 
invest about one million dollars,’ it can be understood as the possibility of the 
investment.  
Let us interpret the possibility concept and specify possibility distribution ( )xF∏
 
as ( ) ( )xx Fµ∆∏ F , with the knowledge ∆F  ‘about’ as specified in the following: 
 
Definition 2.5: Given a possibility distribution ( )xF∏ , the possibility measure of a fuzzy 
set A
 
specified by ( )xAµ  is defined as ( ) ( ) ( )xxA A
x
FF sup ∏∧=∏ µ . 
In the possibilistic programming approach, a vague aspiration is represented by a fuzzy 
goal iG . A fuzzy goal iG
 
is fuzzy set whose membership function 
iGµ expresses a degree 
of satisfaction to a soft constraint such as ‘considerably larger than ig ’ and ‘considerably 
smaller than ig ’.  
The membership function of linear fuzzy goal iG
 
is as follows: 
( )











 −
−= 0,1,1minmax
i
i
G d
gr
r
i
µ     (2.9) 
or 
( )











 −
−= 0,1,1minmax
i
i
G d
rg
r
i
µ     (2.10) 
where ig
 
is the center value of the target goal and id is the width. The linear fuzzy goals 
iG  defined by (2.9) or (2.10) are written as ] )iii dgG ,=
 
and [( iii dgG ,= , respectively, to 
show the relationship of the decision maker’s goal.   
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Example 2.1: The linear fuzzy goal that corresponds to the linguistic expression 
provided by decision maker as “significantly smaller than 5 million dollars” are defined 
by ] )002.0,51 =G , with center value 5, and width 0.02. 
Meanwhile, the ambiguous data is represented by a possibility distribution ijpi . A 
possibility distribution is regarded as a fuzzy restriction that performs as a flexible 
constraint on the value that may be assigned to a variable. Thus, a possibility distribution 
ijpi
 
is defined in terms of a fuzzy set ijA
 
presenting the linguistic expression such as 
‘about ija ’ as ijAij µpi = , where ijAµ
 
is a membership function of ‘about ija ’ ijA .  
A symmetric triangular fuzzy number ijijij d,aA =
 
is used to define a possibility 
distribution ijpi  with the following membership function: 
( )








−
−= 01 ,
d
ar
maxr
ij
ij
Aij
µ      (2.11) 
Thus, under probabilistic programming perspective, the expressions are useful and 
meaningful to formulate the real-world problem that contains such uncertainty. 
 
Example 2.2: Assume that machine capacity is expressed as a fuzzy number. The 
machine capacity of Product A 1a
 
at Machine 1 is described with linguistic expression 
‘about 4’. A fuzzy number is illustrated with the membership 
function ( )





 −
−= 0
4
1
701
,
r
maxr
.
Aµ .  ( )rA1µ  shows the possibility degree of the event of the 
machine capacity, for Product A at Machine 1 is  r . So, 
1A
µ  can be regarded as a 
possibility distribution of the processing time of Product A at machine 1 and 1a  can be 
considered as a possibilistic variable restricted by the possibility distribution
1A
µ .
 
 
A possibilistic programming (Inuiguchi et al., 1994) is written as follows: 
,n,,j,x
,m,,i,g~xY
j
n
j ijiji
K
K
10
1
1
=≥
=∑ >∆
=
α
     (2.12) 
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where ijα is a possibilistic variable restricted by a possibility distribution and defined by a 
triangular fuzzy number ijijij daA ,=  with centre ija and width ijd , and ≥
~
 
is fuzzy 
inequalities that express the ‘considerably larger than’. Thus, g~≥  has a linguistic 
expression ‘considerably larger than ig ’ that corresponds to a fuzzy goal iG , defined by a 
fuzzy set with linear membership function.  
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Chapter 3 
 
Multi-Attribute Evaluation Models with Regression Analysis 
 
3.1 Overview 
In multi-attribute decision-making, an evaluation is performed based upon several 
decision attributes. An attribute is a measurable quantity with a value that indicates the degree to 
which a particular objective is achieved. A relevant measurement scale is used to assign an 
attribute value. The evaluation must therefore consider and satisfy all evaluation attributes. In 
multi-attribute decision-making, the rating of each alternative is performed with respect to each 
criterion and the weights given to each criterion. Most of the existing approaches in multi-
attribute decision-making encompass two phases, namely, the aggregation of these ratings and 
the ranking of decision alternatives in accordance with the aggregated ratings. Because real-
world decision-making usually involves more than one attribute, a multi-attribute decision-
making method has been applied to many decision processes. A multi-attribute decision-making 
method has not only been employed in various applications but also been improved for different 
situations and requirements (Mavrotas, 2003; Ogryczak, 2000; Cardoso and Sousa, 2005; 
Tavana, 2010). 
Multi-attribute decision-making models were primarily developed for a crisp value 
environment. As decision-making includes uncertain and vague information, fuzzy set theory 
was introduced to multi-attribute models and has been widely utilized to tackle problems 
involving more than one attribute or alternative in vague conditions. The first fuzzy decision-
making model was presented by Bellman and Zadeh (1970). Ribeiro (1996) discussed the use of 
decision-making in a fuzzy environment to solve multi-attribute problems. In addition, a fuzzy 
analytic hierarchy process has been used to determine the weight of all correspondence criteria 
and to evaluate the innovation performance of firms (Lu et al., 2007). Watada (1994) presented a 
fuzzy multi-attribute decision-making model and demonstrated its application to business. Li and 
Sun (2007) developed a new fuzzy linear programming technique for solving multi-attribute 
decision-making problems with incomplete weight preference information in fuzzy environments. 
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In this method, linguistic variables are used to capture fuzziness in the decision information and 
the decision-making processes using a fuzzy decision matrix. 
In the past several decades, many techniques have been introduced to address multi-
attribute problems, such as simple additive weighting (Malczewski, 1997), the analytic hierarchy 
process (Saaty, 1980), multi-attribute utility theory (Keeney and Raiffa, 1976), the ordered 
weighted average (Yager, 1988), the Preference Ranking Organisation Method for Enrichment 
Evaluation (Brans and Vincke, 1985), and Elimination and Choice Expressing Reality (Roy, 
1968). In these methods, weighting factors play an essential role. Because the central aim of 
multi-attribute evaluation is to obtain the best alternative from among a set of evaluated 
alternatives, appropriate weighting of the alternatives plays a pivotal role in multi-attribute 
evaluation. Moreover, multi-attribute evaluation also requires accurate weight information for 
each attribute. However, determining an attribute’s weight is sometimes difficult if relevant data 
are either unavailable or difficult to obtain. Therefore, an appropriate method is required for 
determining these weights, as these decisions are crucial to the model’s performance. 
Traditional multi-attribute decision-making is concerned with weighting the alternatives, 
a process that requires the decision maker to provide weight information for the various relevant 
attributes. Attribute weighting establishes the importance of each attribute relative to the others. 
However, the assignments of attribute weights are often difficult and may vary from one decision 
maker to another. Some method has been proposed and can be used to generate the attribute 
weight to alleviate the difficulties. For example, a regression analysis is one of the possible 
methods used to estimate the weights of the model (Tanaka et al., 1989; Watada, 2005). Multi-
attribute problems can be dealt with by employing a regression model in which attributes, jix  are 
used to evaluate the total evaluation, jy  and the relative importance of each attribute is given by 
coefficients, ia . Fuzzy numbers are used instead of crisp numbers to describe the fuzzy 
information, and all of the observed values that express uncertainty in the system must be 
considered in the development of the model. Thus, the fuzzy regression model should contain all 
of the observed data within the estimated fuzzy numbers. However, the existing method of 
generating these weights for multi-attribute problem is not handling the simultaneous occurrence 
of fuzzy random information, yet such situation is obviously present in the real-world multi-
attribute evaluation. The weight that is produced only consider the fuzzy information, and 
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neglects the inherent imprecision it its evaluation, although consideration of all inherent 
uncertainties is necessary in real-world decision-making.   
An evaluation encompassing many inexact criteria is difficult to measure (Li et al., 
2005). Such an evaluation is a challenging task due to its ambiguity and difficult formalization. 
However, if such imprecision is neglected, the formulated problem model may yield improper 
result. In real-world applications, statistical data may include both stochastic and fuzzy 
information at the same time. Fuzzy random variables can be explained by the use of a simple 
example. Assume that N  experts are responsible for evaluating the thj
 
product sample. 
Randomness occurs because it is not known which response may be expected from any given 
respondent. In addition, fuzziness results if the observed response given by the respondent 
contains imprecision. Furthermore, if multiple decision makers are involved in evaluating the 
same alternatives or objectives, the differences in the decision makers’ evaluations should also 
be considered. Such a situation may occur in real-life decision-making, and handling these types 
of data requires an appropriate approach. For these reasons, the observed statistical data may 
include both stochastic and fuzzy information, and thus, the decision-making analysis should 
provide an appropriate method of analysis to handle the presence of such hybrid uncertainty. 
Therefore, the combination of fuzziness and probability is important, and fuzzy random variables 
should be utilized as a basic tool for modeling optimization problems containing such 
uncertainties.  
In light of the situation described above, mathematical programming models for decision 
support that consider the treatment of the inherent uncertainty associated with the model 
coefficients are necessary. The objective of this chapter study is to develop a multi-attribute 
evaluation scheme which is able to generate the importance weight of decision attributes using 
the historical data that contain fuzzy random information and solves the multi-attribute problem. 
In this study, two models of multi-attribute evaluation were introduced to address fuzzy data and 
fuzzy random data, respectively. Thus, the properties of a fuzzy multi-attribute evaluation model 
are enhanced by means of a new linear formulation of a fuzzy regression and fuzzy random 
regression model. A multi-attribute structure was intended to address the multi-attribute problem 
in real situations, and fuzzy random variables are used to address the fuzzy random information 
contained in the data. The model is finally formalized in the linear regression function. The 
proposed concept can be used to evaluate multi-attribute problems that contain fuzzy random 
22 
 
information. We highlight two main advantages of the proposed methods, namely, their ability to 
provide weight information and their consideration of hybrid uncertainties in the evaluation 
process.  
  
 
3.2 Model Development 
Two models were developed based on fuzzy data and fuzzy random data. The first model 
deals with only fuzzy data, and the latter model deals with fuzzy random data. The following 
explains the models development. 
 
3.2.1 Fuzzy Regression for Fuzzy Hierarchical Evaluation Model (FHEM) 
Over the past quarter century, various fuzzy regression models have been introduced to 
address fuzzy input-output data and to cope with the fuzzy environment of subjective human 
estimates. The concepts of fuzzy statistics, fuzzy numbers, and fuzzy arithmetic play a vital role 
in the design of fuzzy regression models (Watada and Tanaka, 1987). Tanaka et al. (1982) 
presented a linear regression analysis that considered fuzzy data instead of traditional statistical 
data. Subsequently, Tanaka et al. (1989) described a possibilistic regression analysis based on 
the concept of possibility theory, wherein a fuzzy regression model is reinterpreted in the context 
of possibility. Watada (1996) also addressed a fuzzy regression model for fuzzy data, which 
involved a heuristic method for determining the product of fuzzy numbers. Thus, a fuzzy 
regression model can also be called a possibilistic regression model when the interpretation of 
possibilistic concept is included (Tanaka and Watada, 1988; Yabuuchi and Watada, 1996; 
Watada and Toyoura, 2002).  
The fuzzy regression is written as follows: 
njx
xAxAxAY
j
t
jjnnjjj
L
L
,2,1;1
][][
1
2211
==
=+++==Υ Ax
       (3.1)  
where regression coefficient iA  is a triangular-shaped fuzzy number iii haA ,=  with centre ia
 
and width ih . In Equation (3.1), jx  is a value vector of all criteria for the thj  sample.  
 
23 
 
According to the extension principle, we can rewrite equation (3.1) as follows: 
t
j
t
j
t
jjY ||, xhaxAx ==
        
(3.2) 
where |)|,|,||,(||| 21 jKjjj xxx L=x . The output of the fuzzy regression (3.1), whose 
coefficients are fuzzy numbers, results in a fuzzy number.  
The regression model with fuzzy coefficients can be described using the lower boundary 
,|| tjtj xhax −  centre tjax and upper boundary tjtj || xhax + . A sample ),( jjy x ,
 
nj ,,2,1 L=
 
is defined for the total evaluation with centre jy , width jd
 
as a fuzzy number jjj dyy ,= , and 
a value vector of all criteria jx , where the template membership function of fuzzy coefficients is 
set to )(αL , and membership grade is α , which extends to a sample included in the regression 
model. The inclusion relation between the model and the samples should be written as follows: 
t
j
t
jjj
t
j
t
jjj
LdLy
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           (3.3) 
In other words, the fuzzy regression model is built to contain all samples in the model. This 
problem results in a linear program.  
 Using the notations of observed data ),( jjy x , jjj dyy ,= , ],,,[ 21 jKjjj xxx L=x
 
for 
nj ,,2,1 L=  and fuzzy coefficients iii haA ,=  for ,,,2,1 Ki L=
 
the regression model can be 
mathematically written as the following linear programming problem: 
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α        (3.4) 
Solving the linear programming problem mentioned above, we have a fuzzy regression. 
This fuzzy regression contains all samples in its width and results in an expression of all 
possibilities that the samples embody, which the treated system should contain. It is possible in 
the formulation of the fuzzy regression model to treat non-fuzzy data with no width by setting 
the width to 0  in the above equations. The formulation of regression model (3.4) is then used to 
estimate the importance weight for multi-attribute problem. 
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The fuzzy hierarchical evaluation model (FHEM) is the multi-attribute problem model 
which uses an importance scale as stated in conventional AHP method. However, 
straightforward rating is used in the FHEM instead of pair-wise comparison of AHP. Ordinary 
AHP uses a 5- to 9-point scale for the level of importance to compare the criteria with each 
other. Meanwhile, triangular fuzzy numbers are used instead of crisp numbers to describe the 
fuzzy importance level. A triangular fuzzy number is denoted by ii haA ,= , using central 
value a  and width h . Table 3.1 shows the intensity of an importance scale for a crisp number 
(Saaty, 1980) and a fuzzy number.  
A combination of crisp and fuzzy numbers is used based on the appropriateness for the 
criteria of the problem, and is assigned to the alternatives to measure their performance against 
each criterion. The mixture of crisp and fuzzy numbers can give flexibility and extension to an 
evaluation process, where a suitable judgment scale can be made that corresponds to the criteria. 
Assume we have K  attributes and n  samples. Use i  to indicate an attribute number and 
j
 
as a sample number. In order to build the hierarchical evaluation model, let us study the 
extension principle that denotes a judgment matrix by Knjia ×= ][A
 
and a fuzzy weight vector of 
criteria selection by KiW ×= 1][W . 
The total score vector 1][ ×= njrR
 
of alternatives can be calculated with the following 
expressions: 
( ),
][
1
∑ ⋅=
⋅==
=
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i
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j
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      (3.5) 
where T  is the transpose of matrix or vector. Applying the extension principle to arithmetic 
operations, it is possible to define fuzzy arithmetic operations. Let u
 
and v
 
be the operands, and 
z
 
be the result. ( ) ( ) ( )vuz CDAB
vuz
CDAB µµµ ∧∨=
+=
+   and 
=




 ∧∨= vuz BA
uvz
AB µµµ
 
relations are 
appropriate when A , B ,C
 
and D  denotes fuzzy numbers. 
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